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Coefficients of Determination in Logistic Regression Models—A New
Proposal: The Coefficient of Discrimination

Tue TIJUR

Many analogues to the coefficient of determination R? in or-
dinary regression models have been proposed in the context of
logistic regression. Our starting point is a study of three defini-
tions related to quadratic measures of variation. We discuss the
properties of these statistics, and show that the family can be
extended in a natural way by a fourth statistic with an even sim-
pler interpretation, namely the difference between the averages
of fitted values for successes and failures, respectively. We pro-
pose the name “the coefficient of discrimination” for this statis-
tic, and recommend its use as a standard measure of explanatory
power. In its intuitive interpretation, this quantity has no imme-
diate relation to the classical versions of RZ, but it turns out to
be related to these by two exact relations, which imply that all
these statistics are asymptotically equivalent.

KEY WORDS: Coefficient of determination; Explanatory
power; Logistic regression; R-square.

1. INTRODUCTION

Consider an ordinary linear regression model, describing the
observations yi, ..., y, as independent normal with common

variance o and expectations
Byi=pui=a+pxi+---,
where, here and in the following, “o + Bx; + ---” is meant to

indicate any linear model specification. Let i; = & + Bx; +
--- denote the fitted values, and consider the following sums of
squares of deviations:

SSDres = Y (yi — fui)’
SSDmod = Y _(f1i — 3)

SSDot = Y _(vi — §)°

Provided that the model has a constant term (like o above), the
average y of the observations equals the average i of the fit-
ted values, which means that SSDy,0q can also be interpreted

(the residual square sum),
(the model square sum),

(the total square sum).
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as the unnormalized empirical variance of the fitted values. The
presence of a constant term will be assumed throughout the ar-
ticle. For models without a constant term it does not make much
sense to talk about explanatory power in the R? sense, because
the whole idea is to compare the model with the trivial model
that has only the constant term.

Due to this assumption and the orthogonality of the residual
vector and the vector of fitted values, we have the formula

SSD(O[ = SSDmod + SSDres

which can be interpreted as a decomposition of the total “vari-
ation” of the observations in two components, the variation ex-
plained by the model and the residual variation. Accordingly,
the coefficient of determination

_ SSDmod  ,  SSDre
© SSDit SSDyr

is interpreted as the fraction (or percentage, if multiplied
by 100) of the total variation which is explained by the model.

Before we proceed with the generalization to logistic regres-
sion models, it is important to understand what this quantity
really is. Though functionally related to the F-statistic for the
overall test for “no effects at all,” it should certainly not be re-
garded as a test statistic, because it is usually computed after
reduction of the model by removal of insignificant terms. In
statistical practice, it is just an exploratory statistic that we com-
pute, and then we clap our hands if it is close to 1. The question
is why we clap our hands. It is certainly not because a model
with a low value of R? is necessarily a bad model. We can have
a perfectly respectable model with a low R?, if the design of the
experiment is such that the values of the explanatory variables
are kept in a (too) narrow domain.

The best interpretation of R? is probably as an estimate of a
parameter function. For large values of n and under suitable as-
ymptotic conditions, implying that the fitted values [i; are close
to the true expectations p;, we have approximately

R2

1 1
—~SSDmoa ~ — } (i — 1)’
and
lSSDres ~ l Z(yi - l/Li)2 ~ ol
n n
It follows that

2 o’

11— .
2 (ui — )2+ o2
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In the last fraction, the denominator can be interpreted as the
variance of a randomly chosen observation y;. Thus, 1 — R? can
be regarded as an estimate of the proportion between two error
variances, namely the variance when we predict observations by
their expectations w; under the model, and the variance when
we predict them by their common expectation i as randomly
chosen observations among the n we have. In this sense, R>
measures the model’s ability to predict, relatively to the trivial
model which assumes that the observations are iid.

From this it should be clear that the interpretation of R? is
easier when the set of experimental units can be regarded as a
random sample from some population, perhaps even related to a
multivariate normal distribution of the covariates. For designed
experiments, R? is less relevant—or at least its interpretation
is entirely different—because it depends so strongly on the de-
sign.

A final remark about the interpretation is that R? (as indi-
cated by its name) equals the square of the empirical correlation
between fitted values and observations,

R ( > 0i = N~ ) >2
VI =2 X (i = 5)?
2. THREE DEFINITIONS OF THE COEFFICIENT

OF DETERMINATION IN A LOGISTIC
REGRESSION MODEL

Prediction in a logistic regression model can mean two differ-
ent things: prediction of a single binary outcome and prediction
of a relative frequency of successes in a covariate group (i.e.,
a group of observations with the same pattern of covariate val-
ues). The criticism of R? as a measure of explanatory power
in logistic regression models put forward by Cox and Wermuth
(1992) is obviously related to the last interpretation. Here, we
are only interested in the first. For this reason, we consider only
models for proper binary data, without aggregation to binomial
counts. In this framework, a good prediction of an observation
is only possible when the success probability is close to 1 or 0.

The justification of this choice is that it is in accordance with
the usual interpretation of R? for linear models, which is related
to the model’s ability to predict a single observation. In lin-
ear models for normal observations, the equivalent of forming
relative frequencies for covariate groups would be the replace-
ment of the original observations with averages over covariate
groups. This is a well-known way of improving the accuracy
and reducing the dataset, but it is usually not considered a legit-
imate way of increasing R>.

Let y; € {0, 1} (1 for “success,” O for “failure”) denote the
binary, independent responses. The model is given by

o expla+pxi+--)
C l4expla+Bxi+--9)

P(yi=1)=Ey; =m;

Let 7; denote the maximum likelihood (ML) estimates of the
success probabilities, or the fitted values. An important remark
here is that the average 7 of the fitted values is equal to the av-
erage y of the binary responses, the relative frequency of suc-
cesses in the dataset. This identity is just one of the likelihood
equations, namely the equation one gets by differentiation of

the log-likelihood with respect to the intercept «. This is an
exclusive property of the logit models, shared by other expo-
nential family classes like the linear normal models and the
log-linear Poisson models, but not by models for binary data
specified by other link functions than logit.

As in the linear case, we define

SSDyes = Z(yi - 7%1')27
SSDmod = » (i — )7,
SSDot = Y _(vi — ).

A property of the normal linear models which is not shared by
the logistic regression models is the orthogonality of the vector
of fitted values and the vector of residuals. Accordingly, SSDyq
is not the sum of SSD,04 and SSDys, which leaves us with two
obvious candidates for the title R?:

2 _ SSDmod
mod — SSDtot
and
SSD
eres =1-——=.
SSDtot

Moreover, the interpretation of the classical R? as the squared
empirical correlation between observations and fitted values
suggests the definition

R < >0 = )i — ) )2

AV =P G -9
These definitions are among those studied by Kvalseth (1985),
and they are also mentioned in the review article by Menard
(2000), as alternative expressions for essentially the same quan-
tity. As we shall see later, there is a complicated exact relation
between these three quantities. But let us first study their prop-
erties.

An important observation is that they are approximately
equal, as estimates of one and the same parameter function,
in the following sense. Assume that the probability estimates
71; are close to the true probabilities 7;, and that the sums over
i =1,...,n occurring in the following can, with little relative
error, be replaced with the corresponding sums of expectations.
The approximate results derived under these conditions can ob-
viously be translated to proper asymptotic results, at least under
the restrictive condition that the observations belong to finitely
many covariate groups that grow proportionally as n — oo. In
this case we know that the maximum likelihood estimates of
the parameters will converge to the true parameter values, and
the replacements we are going to perform of certain sums by the
corresponding sums of expectations are asymptotically valid by
the law of large numbers.

Under these assumptions we have

SSDmog ) (i —71)°,

SSDres Y (v —mi)> = Y _mi(l—m),
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and

SSDwt =) (i =M= ¥ - %(Z y">2

=ny—ny>=ny(l — y) ~na(l — 7).

The following computations show that these asymptotic expres-
sions for the basic square sums do actually satisfy the relation
corresponding to the exact orthogonality relation in the linear
case:

SSDimod + SSDres & Z(m -7+ Zm(l — 1)
=Y @} + 7t —2mw 4w — )
=Y @ -2m7 +m)
=na? —2na’ +nx
=n7(1 — 7) ~ SSDyy.

It follows that
2 (m —7)? _1_ >omi(l—m) ~ R2

R: 4~ == — = = = .

mod 7 (1 — ) nz(l—7) res

2 2

Hence, R, ; and R
parameter function.

For the third statistic R2

R _ Qi — M@ —3)?
X0 =X - )?
_ X0 = Fi + i = D) (E = 5)°
i =P — )
_ i =A@ =) + Y =5
Y0 =P =)
o O+ ¥GE—5D
Y =3P =)
SSD; _ SSDimod 5

mod

~ SSDiSSDmod  SSDir ™%

This means that Rgor and Rﬁmd are asymptotically equivalent,
and in particular that Rgor can be regarded as an estimate of the
same parameter function as the two others.

Simulation studies with the m;’s spread more or less uni-
formly over the unit interval show that the properties of these
three statistics are very similar. They have almost the same
mean and the same standard deviation. As estimates, they are
upward biased. The bias is small compared to the standard de-
viation when the number of covariates is small, but increases
with the number of parameters. However, what is most impor-
tant to us here is that the pairwise differences between them are
small, with a standard deviation of no more than around 20%
of their individual standard deviations. This holds rather gener-
ally, for situations with n = 100-10,000 and 2-50 covariates. In
particular, R2_ and R2 . are typically very close to each other.
As we shall see later, there is a good reason for this.

Thus, from a practical point of view it does not matter much
whether we choose RZ, R2 ., or R2._as our measure of ex-

res> “‘mod’ cor 3 .
planatory power. We can freely choose the one with the simplest

can be regarded as estimates of the same

we have
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interpretation as a function of data and fitted values. Personally
I would prefer Rﬁlod if I had to choose, because this is the maxi-
mum likelihood estimate of the parameter function it estimates.

But obviously, we must also take a look at the theoretical
properties of these quantities. The least we can expect from a
reasonable coefficient of determination is that it takes its values
between 0 and 1, and that the extreme values 0 and 1 correspond
to the properties “no explanatory power at all” (all fitted values
are equal) and “perfect fit” (the fitted values coincide with the
observations).

The last property requires an explanation. Formally, finite
values of the parameters «, §, ... can never result in the exact
values 1 or O of the success probabilities. What we mean when
we say “perfect fit” or “y; = 7; for all i” is, of course, that the
likelihood function takes its maximal value on the boundary—
or more correctly, it does not take a maximal value at all, but
converges to a value greater than all others when the parameter
vector tends to infinity in a certain direction. More precisely, the
condition is that there exists a linear combination a + bx; + - - -
of the covariates which separates successes and failures, in the
sense that it is positive for y; = 1 and negative for y; = 0. In
that case, taking oy = Na, By = Nb, etc., will produce a se-
quence of parameter values such that the likelihood converges
to its supremum as N — oo and the condition y; = 7; for per-
fect fit is met in the limit. This is what we mean when we write
y; = 7t;. We are really talking about the degenerate situation
which, in practice, is recognized by the following characteris-
tics. The Newton—Raphson iterations tend to continue forever
unless they are stopped by some “time out” limit. All or some
of the parameter estimates obtained in the last iteration are un-
realistically large in absolute value (typically corresponding to
values of & + Bx; + - - - around £40, which is roughly the same
as +oo on the logit scale), and so are their reported approxi-
mate standard deviations (which, in turn, implies that the Wald
tests for removal of terms from the model are useless). The
model has failed in the sense that it degenerates to a determin-
istic model. But if we compute the fitted values, they turn out
to coincide exactly (in principle only almost exactly) with the
observations.

Notice that if all 77; are 0 or 1, then we must also have
y; = 7t;. Or, to be more precise, if a sequence (™, ﬁ(N), .
of parameter vectors can be constructed in such a way that
the corresponding values of the likelihood function converge to
its supremum, and all the corresponding sequences of success-
probabilities ni(N) converge to either 0 or 1, then we cannot
have the limit 1 for an observation which is O or vice versa.
This is easily seen if we take a closer look at the expression for
the likelihood and notice that it will always converge to zero
when at least one 7; converges to 1 — y;. Hence it makes good
sense to state the condition for “perfect fit” simply as “y; = 7;
forall i.”

The following result shows that our proposed measures of
explanatory power have—with a single exception—the proper-
ties one would expect by analogy with the properties of R? for
linear models.

Proposition 1. ernod and R2,, are >0, with equality if and

only if all 7; are equal. R2 . R%, and RZ, are <I, with equal-

ity if and only if y; = 71; for all i.
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The proof can be found in Section 6.

Notice that the proposition does not claim that R2, > 0. It is
actually possible to construct examples where eres is negative.
Take a model with a single covariate x with values x; =2, x; =
1, and x3 = --- = x,, = 0, and suppose we have observed y; =
I, 2=0,and y3=--- =y, = 1. For n > 13, eres becomes
negative, and for large n it seems to approach —0.25. I have no
idea whether —0.25 is a lower limit for this phenomenon. But
the fact that R% can come out negative—even though it seems
to happen only in such degenerate cases—is more than enough
to disqualify it as a candidate for the title “best choice of R? in

logistic regression.”

3. A FOURTH DEFINITION, THE COEFFICIENT
OF DISCRIMINATION

Among the many exploratory methods for evaluation of a
logistic regression model, my favorite is the following. Draw
two “parallel histograms,” that is, two histograms, one over the
other, on the same scale (in this case the unit interval) and with
the same number of intervals (in this case usually 10, for very
large n perhaps 20). The distributions summarized by the two
histograms are, respectively, the distribution of the fitted values
for the failures and the distribution of the fitted values for the
successes. See Figure 1 in Section 4 for a concrete example.
This simple figure contains a lot of information. For example,
an easy way of detecting serious violations of the model as-
sumptions (in particular misspecification of the link function
or the need for transformation of covariates) is to check for
inconsistencies between the heights of corresponding bars in
the two histograms. If the model is correct we would, for ex-
ample, expect the proportion between the counts of successes
and failures with fitted values between 0.3 and 0.4 to be some-
where around 0.35/0.65, because each of the observations in
play here is supposed to be a success with a probability be-
tween 0.3 and 0.4. This graphical check of the model can be
regarded as an explorative version of Hosmer—Lemeshow’s test
(Hosmer and Lemeshow 2000), which—in spite of the criticism
put forward by Hosmer et al. (1997)—is about the closest one
can come in the strictly binary case to a standard analogue of
the usual goodness-of-fit test for data that are aggregated to bi-
nomial counts in relatively large covariate groups. The ROC-
curve (see again, e.g., Hosmer and Lemeshow 2000) is also re-
lated to this figure, namely as the curve (1 — Fo(w), 1 — F1 (1)),
m € (0, 1), where Fy and F; are the cdf’s of the empirical dis-
tributions underlying the two histograms. But in my opinion,
the two histograms are much easier to interpret than the ROC-
curve.

Also, the commonly reported two-by-two contingency ta-
bles of “predicted versus observed” are closely related to the
two histograms. The idea behind these tables is that a good
model is a model that predicts well, in the sense that almost
all observations with fitted values higher than, say, 0.5 are suc-
cesses, whereas almost all observations with fitted values lower
than 0.5 are failures. In other words, a good model is character-
ized by the property that if we “predict” each observation by 1
or 0 according to whether its estimated probability of success
is greater or smaller than a given threshold value, then we get a

high percentage of “hits,” with only a few “false positives” and
“false negatives.” The two histograms summarize in the sim-
plest possible way a number of such tables, one for each cut-
point, and actually do it in a much more convenient way than
a listing of the tables would do. For example, by looking at the
histograms it is usually easy to get an impression of where one
should place the threshold to minimize the total number of false
predictions, if this is what we want.

Now, let us for a moment forget all about the R2-statistics
of the previous section. They were based on ideas related to
variance and quadratic variation, which—as also noticed by
Menard (2000)—are somewhat strange concepts in a universe
of binary observations. And let us, instead, take the above men-
tioned characterization of “a good model” as our definition of
a high explanatory power. To boil this vague concept down to a
single quantity, we must invent a statistic that measures the de-
gree to which the upper histogram has most of its mass concen-
trated close to the left endpoint of the unit interval and the lower
histogram has most of its mass concentrated close to the right
endpoint. A simple, almost canonical, choice here is the differ-
ence between the expectations in the two distributions, that is,

D =711 — 7o,

where 771 and 77 denote the averages of fitted values for suc-
cesses and failures, respectively. As a name for this quantity I
propose the coefficient of discrimination. This name was used
by Raveh (1986) for a very similar quantity (though in a some-
what different context), and it seems to describe very well what
the quantity actually measures, namely the model’s ability to
discriminate between successes and failures.

Conceptually, D has not much in common with the R mea-
sures discussed in the previous section. But as a matter of fact,
we have the following result.

Proposition 2. We have the exact relations

1
D= E(Rgnod +R2)

res

and

R2

cor

D= ,/R>

mod

2 and

In words, D equals the arithmetic average of ernod and R

the geometric average of R2, oq and RZ,.

The proof is given in Section 6.

An immediate consequence of this is that D is asymptotically
equivalent to the R? measures of Section 2. Moreover, combin-
ing the second relation of Proposition 2 with the properties of
ernod and R2, stated in Proposition 1, we get the following nice
result.

Corollary 1. D > 0, with equality if and only if all 7; are
equal. D < 1, with equality if and only if y; = 7; for all i.

Another consequence of Proposition 2 is the following tech-
nicality. Implicitly, the proposition implies a relation between

the three quantities Rﬁlod, RZ, and RZ ., which can be rewrit-
ten as

1+1<£_1>— 1_{.(&_1)
2 - 2 .
2 Rmod Rmod
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Now, consider an asymptotic situation where all the R? versions
are close to each other. Think of the right side of the above
identity as the value of the function /1 4+ (x — 1) evaluated at

2
the point x = 11:2““ , which is pretty close to 1. If we replace this

mod
function by its first-order Taylor expansion around 1, we get the
approximate identity

l RI?éS 1 RCZOI‘
1+5<R2 —1)ria gl

mod mod

which is valid up to an error term that is known to be small of
second order in (%‘:CI — 1). Thus, the absolute value of the dif-
ference between left and right side in this approximate relation
is dominated by something of the form const. x (Ifgi -1

A few further rearrangements of terms, which we ler;(:/ie to the
reader, will show that the difference R2. — RZ, is of the same
order of magnitude as the square of R2,, — ernod. This explains
why R2_and R2__ are (in our simulation studies, and in practice
when datasets are large enough) so much closer to each other

res cor
2
than to R g

4. AN EXAMPLE

As a dataset for illustration I have chosen the Baystate Med-
ical Center data on low birth weights which have been used
for the same purpose by Hosmer and Lemeshow (2000, pp. 25
and 26), and also by Hosmer et al. (1997) and Zheng and
Agresti (2000). It contains information about 189 births, with
the response LOW (indicator of low birth weight) as the binary
response, to be explained by various demographic and clini-
cal variables. For further compatibility, the model considered
here is identical to the one considered by Hosmer et al. (1997),
which includes most of the variables that are really significant
plus the mother’s age (which is insignificant, but known from
other studies to be important). In standard model formula syn-
tax, our model is

LOW = CONST. + AGE + LWT + RACE + SMOKE,

where AGE is the mother’s age, LWT is her weight before preg-
nancy, RACE is ethnicity coded as a factor on three levels, and
SMOKE is an indicator of (the mother being) a smoker.

The two parallel histograms of fitted values for failures and
successes are shown in Figure 1. The proportions between bar
heights in the two histograms seem to behave roughly as they
should. For example, the two bars over the interval from 0.2
to 0.3 represent 19 “failures” and 10 “successes,” which does
not deviate significantly from what one would expect for 29 bi-
nary outcomes with success probabilities between 0.2 and 0.3.
But as we can see, there is not much explanatory power in this
model. The two histograms have a considerable overlap. The
most positive we can say is that it is possible to isolate a small
low-risk group, consisting of the women with 7 < 0.2. This
group consists of 50 women, of which only 4 gave birth to a
child with critically low weight. A similar high-risk group of
substantial size cannot be identified (only one fitted value ex-
ceeds 0.7). Thus, even if the conclusions of this study may be
scientifically interesting, they are not likely to be of much help

370 General

Histogram for FIT by SUCCESS

Low=1

SUCCESS

0.0 0.8 0.9 1.0

Figure 1.

in clinical practice. Accordingly, the summary measures of ex-
planatory power are small:

R? R? R?

mod res cor D

0.101766  0.090697 0.090998 0.096231°

5. CONCLUSION

It is impossible to hide any longer that I consider the quan-
tity D, the coefficient of discrimination, a highly recommend-
able R’-substitute for logistic regression models. The corol-
lary shows that D shares important properties with some of
the more classical R? statistics discussed in Section 2. Accord-
ing to Proposition 2, we may even think of D as a compro-
mise between the two quadratic measures Rﬁmd and R2, that
were left after the disqualification of RZ (see remark follow-
ing Proposition 1). This relation to the classical R? versions is
an obvious advantage if we want to assign a similar meaning to
concrete values of D as to the same values of R? in ordinary
linear regression models. In addition to this comes that D can
be explained in terms and concepts that are directly related to
models for binary observations on their own premises, without
any reference to strange concepts like prediction variance and
quadratic variation. D is probably the measure of explanatory
power that comes closest to the satisfaction of the eight ideal
requirements set up by Kvalseth (1985).

A small reservation is required here. Neither D, nor any of
the three R? versions discussed in Section 2, have the prop-
erty that they will automatically increase when the model is ex-
tended by an additional covariate. Usually they will, of course.
A few (not too systematic) simulation studies for selected ex-
amples indicate that this happens in more than 99.9 of the cases,
even when the added covariate has no effect at all. But because
maximum likelihood in logistic regression is not equivalent to
minimization of the residual sum of squares, nor maximization
of the model sum of squares or the difference 7| — 7 ¢, it is no
surprise that these statistics can “move the wrong way” when
a model is extended or reduced. If this property is considered
overwhelmingly important (as it seems to be, e.g., for Cameron
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and Windmeijer 1997), a likelihood-based RZ-gubstitute should
probably be preferred. Many such proposals have been made
in the literature, but if we restrict our attention to proper gen-
eralizations of the usual R? from linear models, the one and
only choice seems to be the statistic proposed by Cox and Snell

(1989),
2 ..
1 —exp<——(l —lo)>,
n

where [ and /o are the maxima of the log-likelihood for the
model in question and the model with only a constant term,
respectively. The justification of this is that this is exactly the
formula that expresses the usual R? for normal linear models in
terms of the log-likelihood. Thus, it is not unreasonable at all to
expect a nice behavior of this canonical generalization of R.
But unfortunately, it turns out that it never takes values close
to 1. Its maximal value 1 — exp(Zio /n), which is taken when
y; = 7; for all i, never exceeds 0.75. As noticed by Nagelkerke
(1991), this can be repaired by a simple renormalization; but
after this, the idea has certainly lost a bit of its intuitive appeal.

6. PROOFS

6.1 Proof of Proposition 1

It is obvious that ernod > 0, with equality if and only if all 7z;

2

are equal, and that R/, <1 with equality if and only if y; = 7;

for all i. ernod <1 is equivalent to

G- i — )’
DA —ny <Yy —ny
DAP=Y

or (because yi2 =D Vi=).7)

A2 A
A=) A

D ml—7) =0

which is trivially correct with equality if and only if all 77; are
either 1 or 0. The inequalities 0 < R2 . < 1 are immediate con-
sequences of the fact that R is a squared correlation coeffi-
cient. From another well-known property of the correlation co-
efficient, we conclude that we have R2 . = 1 if and only if there
is a linear relation of the form 7; = a + by;, and this is easily
seen to imply the precise condition for perfect fit, or 77; = y; for
alli.

It remains to prove that R =0 if and only if all the 7;
are equal. This is a trivial consequence of the following result,

which we give the form of a lemma for later use.

or

or

or

Lemma 1. We have the inequality
D 0i—NGE—-7)=0

with equality if and only if 7; = y for all i.

Proof. We have

Y Gi=HER == i@ —F) =Y yifti— Y yiy.

To make an indirect proof, assume that this quantity is strictly

negative, or that
Z Vifti < Z yiy.

Under this assumption we can show that the value of the log-
likelihood with the fitted values 7; inserted becomes smaller
than the value it takes when all 77; are replaced with their av-
erage 7. Because this is in contradiction with the fact that the
values 77; maximize the log-likelihood, the assumption must be
wrong. The detailed argument goes as follows.

By a straightforward computation, our assumption implies
that we also have the “complementary” inequality

U=y =) <Y A=y =),
and these two inequalities can conveniently be written on the
short form
7:'[1 <y< 7:'[(),

where 7| and 7 ¢ denote the averages of the fitted values among
successes and failures, respectively.
Now, by Jensen’s inequality and the concavity of the log

curve,
> vilog = (- wi) log 1

and
> = ylogl =) = (31— ) log(1 = 7).

Because log is strictly increasing, we have further

(Z )’i) log 7y < (Z yi) log #

and

(D= =) tog(1 = 7o) < (321 = ) ) log(1 = 7).

Combining the two chains of inequalities and adding them, we
get

> yilogdi+ (1 - yi)log(l — #;)
< Zyi logr;r + Z(l —y;i)log(1 — 721)

which expresses that the log-likelihood can be strictly increased
by replacement of the maximum likelihood estimates with para-
meter values for which only the intercept parameter is nonzero.
Thus we have reached a contradiction, and we must conclude
that the inequality of the proposition is always satisfied.

_ It is obvious that if all 77; are equal (and thereby equal to
T = y), then the inequality of the lemma becomes an equal-
ity. Conversely, suppose that this inequality degenerates to an
equality. To prove that 77; = y for all i, we can reuse the argu-
ments of the first part of the proof in a weakened form, where
the assumption 7| < y < ¢ is replaced with 71 < y < 77¢. Just
like in the first part of the proof, we can show that

Z)’i log7t; < (ZYi)IOg;TI < (Zy,-)logfr.
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The first inequality here follows from Jensen’s inequality and
the concavity of the log curve, the second from the fact that
the log curve is increasing. The only difference is that none
of the inequalities is sharp here. In the same way, we can derive
the “complementary” inequalities, where y; is replaced with
1 — y; and 7; with 1 — ;. Adding these two chains we end
up with the same old inequality between the two values of the
log-likelihood, the only difference being that this time it is not
sharp. Now, the important observation is that if as much as a
single one of the four inequalities in the two chains is sharp,
then the relation between the two values of the log-likelihood
becomes sharp, too. And because this is not possible, we must
have equality all the way through the two chains. If the inequal-
ity following from Jensen’s inequality is an equality, we must
(because log is strictly concave) have that all the 7; for suc-
cesses are equal. Similarly, the similar equality in the comple-
mentary chain means that all the 7; for the failures are equal.
And if the inequalities based on monotonicity of the log curve
are equalities, we must have 7| = 7 and 7o = 7, because log
is strictly increasing. Obviously, the only possibility left is that
all 77; are equal.

6.2 Proof of Proposition 2
Define
SPD =Y "(yi — #:) (& — ¥).
Then,
SSDyot = SSDyes + SSDog + 2SPD
and from Lemma 1 it follows that
SPD + SSDpmoa = Y _(yi — ) (A — §) = 0.

Now,

1 2 2
E(Rmod + Rres)

_ 1 SSDmod SSDres
- 5( SSDyt SSDtot)
SSDimod + SSDrot — SSDyes
- 2SSDiot
SSDinod + SSDyes 4+ SSDimod + 2SPD — SSDyes
- 2SSDior
2SSDynod + 2SPD
= 2SSDu
_ SSDmod + SPD
N SSDy
Y= DG — )
SSDir

_ 201 =Y —3) [SSDmod
A/ SSD[DtSSDmOd SSDtOt

/ 2
= RgorRmod‘

372  General

Thus, the two right sides in the proposition are equal. It remains
to prove one of the two identities. The last one can be proved as
follows:

vt 20 —yo7

X (=)

Qi) Qo —y) — Qo (= y)a) Q- yi)
B Qv =yi)

_ (nzyiﬁi = () (X i)
H(E(ER)+ (S) ()
/((Z9)(Z0-))

Y 0i— DG — )

=Yy

_ SPD + SSDpoq
Yy -1 n?
SPD + SSDpod

~ SSDu

D

which, according to the previous computations,

V Rczorernod'
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