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Abstract

A geometrically inspired matrix algorithm is derived for the identification of
state space models for multivariable linear time-invariant systems using (possibly
noisy) input-output measurements only. As opposed to other —-mostly stochastic—
identification schemes, no variance-covariance information whatever is involved,
and only alimited number of I/O-dataare required for the determination of the sys-
tem matrices.

Hence, the algorithm can be best described and understood in the matrix for-
malism, and consists in the following two steps. First a state vector sequence is
realized as the intersection of the row spaces of two block Hankel matrices, con-
structed with I/O-data. Then the system matrices are obtained at once fromthe least
sguares solution of a set of linear equations.

When dealing with noisy data, this algorithm draws its excellent performance
from repeated use of the numerically stable and accurate singular value decompo-
sition Also, the algorithm is easily applied to dowly time-varying systems using
windowing or exponential weighting. Theseresultsareillustrated by examples, in-
cluding the identification of an industrial plant.

Keywords: multivariable systems, systemidentification, singular value decompo-
sition.

1 Introduction

Identification aims at finding a mathematical model from the measurement record of
inputs and outputs of a system. A state space model is a most obvious choice for a
mathematical representati on because of itswidespread usein system theory and control.
Still, reliable general purpose state space identification schemes have not become stan-
dard toolsso far, mostly dueto the computational complexity involved (Ho and Kalman
1965, Kung 1978, Zeiger and Mc Ewen 1974).
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Thetheory of canonical correlationanalysis, independently devel opedin the midthir-
tiesby Hotelling (Hotelling 1936) and Obukhov (theidea of using SV D to computethe
principal anglesand vectorsbeing dueto Bjorck and Golub (Golub and Van L oan 1983),
has been intensively applied to the stochastic identification problem, where asa major
departure canonical variate analysis is used to choose linear combinations of the past
of the random process to optimally predict the future of the process. The analysis of a
system in terms of past and future naturally leads to a state space description (Akaike
1974, Akaike 1975, Baram 1981, Ramosand Verriest 1984, Larimore 1984). Neverthe-
less, the intensive use of covarianceinformation isamajor drawback when it comesto
practice, since finite data records reveal only poor approximationsfor covariance ma-
trices.

In this paper, a novel approach is presented, that shows much resemblance to the
canonical variate methods, but no variance-covariance information whatsoever is in-
volved, and only afinite number of 1/O-data are required for the determination of the
system matrices. The main step in the identification procedure consistsin the singular
value decomposition of ablock Hankel matrix, constructedwith 1/O-data. Asitwill turn
out that only theleft singular basisisrequired, both the computational |oad and the noise
sensitivity are considerably reduced. Moreover, the identification schemeiseasily con-
verted into an adaptive version. In section 2, useful properties of dynamic systems are
briefly described, which are used in section 3 to show how a sequence of state vectors
can becalculated. Thesystem matricesarethenidentified by solving an overdetermined
set of linear equations (Section 4). The off-line agorithm is summarized in section 5,
and converted into an adaptive on-line algorithm for slowly time-varying systems in
section 6. Both strategies areillustrated by examples.

2 Dynamic systems
The most general linear discrete-time multivariable state space model can bewritten as

xk+1] = AXK + Byg.ulk +wK
YK = CiX[K + Dr.ulK + VK] @

where u[K], y[K] and x[K] denote the input (m-vector), output (I-vector) and state vector
at timek, the dimension of x[k] being the minimal system order n. Ay, By,Cy and Dy are
the unknown system matrices at time k to be identified, making use only of recorded
I/O-sequencesulk],ulk+1],... andylk],y[k+1],... Asitisobviousthat only the ob-
servable part of the system can be identified from observed |/O-data, it can be assumed
that the systemis completely observable, thusomitting the unobservablepart at thevery
outset.

w[K] and v[K] are additional unknown noise-sequences, accounting for measurement noise,
process noise, model mismatch, etc. They will be identified as the residuals of the set
of equationsthat determine the system matrices (section 4), and can thus be omitted for
awhile. Also, for the time being, we consider only time-invariant systems, so that the



state space equations eventually reduce to
X[k + 1] AXK] 4 B.ulK]
ylkl = CxK+D.ulK )
We now state two important theorems that will be used throughout the sequel.

Theorem 1 Sequences u,y, x that satisfy equations (2), also satisfy the following gen-
eral structured I/O-equation :

Yh =T X+ H.Up ©)]

Y1 isablock Hankel matrix (i block rows, j columns) containing the consecutive outputs

(Y[K] isal x 1 vector, where| is the number of outputs)

yIK yk+1 ... ... .. yk+j-1]
ylk+1] yik+2] ... ... .o yk+]]

Yo = ylk+2] yk+3 ... ... .. yk+j+1]
YK+i-1 YKET] o e e YK jHi-2]

Uy, isa block Hankel matrix with the same block dimensions as Yy, containing the con-
secutive inputs. (u[K] isa mx 1 vector, where mis the number of inputs)

ulK] uk+1] ... ... ... uk+j-1]

ulk+1] uk+2 ... ... ... uk+]j]
Up=| uk+2] uk+3] ... ... ... uk+j+1]

uk+i-1 Uk+i] o o Ukt j+i=2]

X contains consecutive state vectors::
X=[XK xk+ 1] x[k+2] ... xk+ j—1]]
Ii isan extended observability matrix :

C
CA
ri=| CA?

G

Finally H; is a lower triangular block Toeplitz matrix containing the Markov parame-
ters:

D 0 0 0
CB D 0 0
- CAB CB D 0
t— | ca2B cAB CB 0
CA™2B CA™S3B CA™B ... D



Proof : straightforward by repeated substitution of equations (2).
O

Instead of goinginto details, weloosely statethat i and j should be chosen ” sufficiently
large” (so that Y}, and Uy, contain enough information on the system), and in particular
j > max(mi,li) ("very rectangular” block Hankel matrices), asthiswill reduce both the
computational load and the noise sensitivity (see below).

Theorem 2 Let Y}, U and X be defined as in the previous theorem, and let H denote
the concatenation of Y, and Uy, :
_| Y
"= [ Un ]

then, under the conditionsthat
1. rank(X) = n, i.e. all modes are sufficiently excited (n being the minimal system or-
der), and
2. spanpow (X) n spanow (Un) =0,
the following rank property holds :

rank(H) = rank(Up) + n 4

Also, when
3. rank(Up) = mi =number of rowsin Uy, ,
this rank property reduces to
rank(H) = mi+n (5)

Pr oof
From equation (3) it followsthat :

YiUg = Ti.X.UP

and then of course:
rank(Yh.Up) = rank(T';. X.U5)

where the columns of Uy, span the kernel of Uy, (not trivial since j >> mi).
Since I has full column rank (cfr. observability) :

rank(F.X.Uy) = rank(X.Up) —dim(spancg (X.U) n (spanow(Ti))")
= rank(X.U{) —dim(spancg (X-US) n 0)
= rank(X.Uy)
By making use of condition 2 :
rank(X.UY) = rank(X) —dim(spanow(X) n (spangg (UR)")
= rank(X) —dim(spanyow(X) n spanyow (Un))
rank(X)



Finally, under condition 1 :
rank(X) =n

By combining all the above equations, one obtains
rank(Yn.U5) = n

and this, in fact, means that the row space of Y, adds n dimensionsto the row space of
U, which proves equation (4).

O

This theorem allows us to estimate the system order, prior to further identification
of the system matrices.

Noteon condition 1: rank(X) = n, in other wordsall modes should be sufficiently
excited (persistant excitation). When certain modes are not, i.e. unobservable in the
I/O-data currently under investigation, they cannot be identified either and application
of the aboverank property will reveal too low asystem order, this problem being inher-
ent in system identification.

Note on condition 2 : spanygw (X) n spanrow (Un) = 0.

When this condition is not satisfied, rank(X.U) < rank(X) (rank cancellation), and
again application of the rank property will reveal an underestimation of the system or-
der. However it can be experimentally verified that rank cancellation is not generic, and
the probability that rank cancellation occurs, decreases for fixed i (number of rowsin
Up) with increasing j (number of columnsin Uy, and X ). (In a stochastic framework,
this matter would be passed off easily by saying E(x[K].u[K]') = 0, E(x[K].u[k+1]') =0
, ... , Where E isthe expectation operator.)

Note on condition 3 : rank(Uy) = mi =number of rowsin Uy
Similar to the previous ones, this third condition will generically be satisfied when the
input is " sufficiently exciting” (inherent in the identification problem).

In the sequel, it will allways be assumed that these three conditions are satisfied.

3 Determination of a state vector sequence

We now demonstrate how a sequence of state vectors can be calculated as the inter-
section of the row spaces of two block Hankel matrices, constructed from input-output
vectors. Let Hy and Hy be the concatenation of Yy1,Uny and Yo, Unp respectively

R B ©
where
yIK] yik+1] ... ... ... yk+j-1]
ylk+1] yik+2] ... ... ... yk+]]
Y = ylk+ 2] yk+3 ... ... .o yk+j+1]
ykti=1] Ykt oo o YK j+i-2)



ylk+i] VK42 oo oo e ykit -1

yik+i+1 yk+i+2 ... ... ... yk+i+ij]
Yo = yk+i+2] yk+i+3] ... ... ... yk+i+j+]]
yk+2i-1 yK+2] oo oo o ykt2i4)-2)

and Upz,Uno similarly constructed. Both matrix pairs satisfy the I/O-equation :

Y1 = [ Xg+Hi.Upg @)
Yha Ii.X2+ He.Unz (8)

Theorem 3 If X5 isdefined as
Xo = [X[k+i] xk+i+1] ... xk+i+j—-1]]
then
spanow (X2) = spanrow(H1) N spanyow (Hz)

(see (6) for a definition of H1 and H2) so that any basis for thisintersection constitutes
avalid state vector sequence X, with the basis vectors as the consecutive row vectors.

Note that different choicesfor abasis differ in atransformation matrix T that trans-
formsamode A, B,C, D intoanequivalentmodel T2 A.T, T1.B,C.T, D (Kailath 1980).
Pr oof

Itisfirst proventhat the dimension of theintersection equalsn. Then, the(n-dimensional)
row space of Xz isshown to lie within both row spaces.
By making use of the rank property (5), one derives

dim(H1) =dim(Hz) =mi+n

where dim(M) is a shorthand notation for the dimension of M’s row space. This rank
property holds equally well for the concatenation of Hy; and Hy :

dim(Hy + Hy) =dim(H) =2mi+n
Applying Grassmann’s dimension theorem :

dm(HinHy) = dim(Hy)+dim(Hy) —dim(H1 + Hy)
= m+n+m+n-2m-n
n

From equation (8), one derives

Y
Xo =T Y2=TF HUp2 = [ =T H). [ U:ZZ ]



where ;" isTi’s pseudo-inverse (IF.[ = lnxn since I has full column rank), which
showsthat Xy's row space lieswithin Hy's row space. Equally well, X;’srow spacelies
within H,’srow space. On the other hand, X; and U, completely determine X, through

Xo=AX;+[A1B ... AB Bl.Upy

and since X;'s row space lies within H1's row space, the same holds true for X,'s row
space.

O

The above theorem alows us to calculate a state vector sequence, making use of
measured 1/O-dataonly. Oncethis state vector sequence is known, the system matrices
are easily identified from a set of linear equations, aswill be shown in the next section.

In practice, due to perturbations on the measured data (noise, non-linearity, etc.), it
occurs that both row spaces do not intersect. An approximate intersection can be cal-
culated though, using the n first principal vectors (canonical variate analysis), n being
determined through equation (5).

Asitwill turn out to be both computationally less demanding and | ess sensitive to noise

onthe I/O-data, an alternative procedureis presented : Letthe SVD of H = [ Ei ] be

_ | U Up Su 0 |\
H_[Uﬂ UZZH 0 O]V

where the matrices have the following dimensions :

dim(Ug1) = (mi+1i)x(2mi+n)
dmU) = (mi+li)x(2li-n)
dim(Uz) = (mi+1i)x(2mi+n)
dim(Uzz) = (mi+|i)><(2|i—n)
dm(S1) = (2mi+n)x(2mi+n)
From ’
[Uiz Uéz]- [ Hl ] =0
or

Ul,.Hy = Uk, Hy

it followsthat the row space of U{Z.Hl equalstherequired intersection of Hy'sand Hy's
row spaces. U!,.H; contains 2li —n row vectors , only n of which are linearly inde-
pendent (dimension of the intersection). Thus, it remainsto select n suitable combina-
tions of these row vectors. One straightforward way would consist in taking the SV D of
U},.Hy in order to compute a basis for its row space. The following theorem gives the
outline of a shortcut to this method, replacing the SVD of U},.H1 (a(2li —n) x j-matrix
where most of thetimej isvery large) by asmaller SVD.



Theorem 4 Letthe SVD of H = [ :1 ] be
2

_ | Un Up Sn 0|\,
H_[Uzl Uzz][o O]V

then the state vector sequence Xp = [X[k+i] X[k+1i+1] ... x[k+1i+ j—1]] can be cal-
culated as:
Xp = Ug.Ujp.Hy

where Uq (an nx (2li —n) matrix accounting for the necessary reduction of 2li —n mu-
tually dependent row vectors of U},.H; to nindependent vectors) is defined through the
SVD of Uiz-ull-sll

Upunsa= v 071 3 9] ]

Proof
Since any basis for the row space of U},.H; is arealization of X, (see above), we first
calculateits SVD :

0
ULH = UL Uy ulz].[s‘cl)1 ()].vt

= [UL.U1.Spp O]V
= [Uq-S3-Vq OV
= Uqg[S 0.(V.Vy)
NOW, S-nce U(t]Uq = Inxn
Ug-Ulp.-H1 =[S 0].(V.Vg)'

which isavaluable basis for the row space of U§2.H1 and thus arealization of X.

4 ldentification of the system matrices

Once X; isknown, the system matrices can beidentified by solving a set of linear equa-
tionsin astraightforward way :

Mk+i+1] ... xk+itj-201 [A B [ xk+i] ... xk+i+j-2]
yk+i] . y[k+i+j—2]]_[c D]'[u[kJri] . uk+itj-2

Asthis (overdetermined) set of equations should be solved in aleast squares sense, the
residuals correspond to the noise terms w[k] and v[K] introduced in section 2.

Once again, acomputationally moreefficient way of computing the system matrices
isconceivable, making use of thealready calculated SV D of H (concatenation of H; and



H,).The above set of equations can be replaced by a reduced equivalent set, revealing
exactly the same least squares solution.

For compact notations, it is useful to first redefine matricesH; and H, (equation (6)
) in the following way :

[ ulk] uk+1 ... ... ... uk+j-1]
yiK] yik+1 ... ... .o yk+j-1]
ulk+ 1] uk+2 ... ... ... uk+]j]
Hi = | yik+1  yk+2 ... ... ... yk+]] 9)
Uk+i-1 Uk+i] .. o . Ukt j+i-2]
| yk+i-1 yk+i] oo oo ykF+j+i-2]
[ ulk+i] uk+i+1] ... ... ... uk+i+j-1
ylk+i] yk+i+1 ... ... . yk+i+j-1]
uk+i+1 uk+i+2] ... ... ... uk+i+]]
Hy, = yik+i+1] yk+i+2] ... ... ... yk+i+]] (10)
Uk+2i-1 uk+2] .. . .. Uk+2i4j-2
| yk+2i-1 yk+2] ... ... . yk+2i4+)-2]

Notice that theorem 3 remainsvalid ! We also introduce the following notations :
M(p:q,r:s) isthesubmatrix of M at theintersection of rows p, p+1, ...,gqand columns
nr+1,...,s
M(:,r : s) isthe submatrix of M containing columnsr,r+1,...,s
M(p: q,:) isthe submatrix of M containingrows p,p+1,...,q
Asan example:

Hi=H(1: mi+li,:)

Now let the SVD of H = [ Ei ] be

H=U.SW!

Theorem 5 The systemmatrices can beidentified fromthefollowing set of linear equa-
tions

UGULUM+1+1: (i+1)(m+1),:).S

Um+li+m+21: (m+1)(i+1),:).S

_[A B ULULU(L:mi+1i,:).S

- C D | | Umi+li+1:mi+li+m,:).S
(see section 3 for a definition of Ug and Uy2)

Pr oof
From section 3 it follows that

XK+ ... X[K+i+j-1]]



=UgUl.Ha
=Ug UL H(L:mi+1i,)
=UgUL U(L:mi+1i,:).SV! (11)

Making use of the time-invariance and the block Hankel structure of matrix H, one can
easily prove that

Xk+i+1] ... xk+i+ j]]
=Ug Ul H(m+1+1: (i + 1) (m+1),2)
=UgUL UM+l +1: (i+1)(m+1),:).8V (12)
Also, from the definition of H, it follows that
[uk+i] ... ulk+i+j=1]]
=Hm+li+1:m+li+m,:)
=U(mi+li+1:mi+li+m:).SV (13
and
VK+1] ... y[k+i+j-1]]
=H(m+li+m+21: (m+1)(i+1),:)
=U(mi+li+m+1:(m+1)(i+1),:).SV! (14

When equations (11),(12),(13) and (14) are substituted into the following (overdeter-
mined) set of linear equations:

xk+i+1] ... xk+i+]j] _|A B Xk+i] ... xk+i+j-1]
[y[k+i] y[k+i+j—1]]_[c D]‘[u[kJri] u[k+i+j—1]]
oneobtains:

UG UL U(m+1+1: (i+1)(m+1),:).SV!
Umi+li+m+1: (m+1)(i+1),:).SV!
_[A B ULULU(L:mi+1i,:).SV!
| C D || Umi+li+1:mi+li+m,:).SV!
Thecommon (orthogonal) factor V* can bediscarded, thuseffectively reducing the num-
ber of equations(remember j > max(mi, li) ),without altering the least squares solution

[ ULUL U(m+141: (i+1)(m+|),:).s]
Um+li+m+21: (m+1)(i+1),:).S
_[A B ULUL.U(L:mi+1i,0).S
B [C D]'[U(mi+|i+1:mi+|i+m,:).$]
O

Note: Thecommonfactor Simposesweightson thedifferent equations. Discarding
it would alter the least squares solution.
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5 Off-linealgorithm

The results of the previous sections are summarized into the following off-line algo-
rithm :

Algorithm

Let H be the concatenation of Hq,H,, defined by equations (9) and (10). The system
matrices are then obtained as follows:

1. calculateU and Sinthe SVD of H

_ t_ | Un Up Sin 0 t
H—U.SV—[U21 Up |- 0 0 AY

2. calculate the SVD of U},.U11.Sp1

0 Vi
UL Un.Sn=[ Ug UY [sl H q[,t]
Unsa=[ U 1| G o[V
3. solvethe following set of linear equations

[ UGUL U(m+1+1: (i+1)(m+|),:).s]
Um+li+m+21: (m+1)(i+1),:).S

_[Aa B USUL UL mi+1i,2).8

B [C D]'[U(mi+|i+1:mi+|i+m,:).$]

Itisworth noticing that the system matrices are ultimately identified from U and Sonly
(H = U.SVY), and that the much larger and much more noise sensitive matrix V is for-
tunately never used. Even the state vector sequence X, does not need to be constructed
explicitely.

Besides, this reduction will turn out to be very useful when an adaptive identification
algorithm is constructed (see section 6).

Example

The performance of the algorithm has been evaluated on both simulated and industrial
data sets. The following exampleis due to Prof. R.Guidorzi (University of Bologna)
(Guidorzi and Rossi 1974). The 1/0-sequence was obtained under normal operating
conditions of a 120 MW power plant (Pont sur Sambre - France), a system with 5 in-
puts and 3 outputs. The identified models (for different system order estimates) were
evauated by comparing original and simulated outputs, using the original input signals
and the identified model (Figure 1). These simulations demonstrate the remarkablero-
bustness of the identification scheme with respect to over- and underestimation of the
system order.

1



Figure 1: Identification of apower plant : original and reconstructed outputs for differ-
ent system order estimates.
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6 On-linealgorithm

The above algorithm is easily converted into an adaptive one, where model updating
should account for time-variance. Every time step anew input-output measurement be-
comes available, defining anew column to be added to the matrix H. On the other hand
older measurements should be discarded by successively deleting columnsfromH. The
off-line algorithm of the previous section is then applied to the updated H-matrix.
Instead of using this moving window technique, one can also apply exponential weight-
ing. New columnsare still added to H, but instead of deleting columns, al columnsare
multiplied by a weighting factor a(a < 1). Thisway, a column that was added q time
steps earlier, is weighted with afactor a9, thus effectively reducing the contribution of
older data.

Since only U and Sin the SVD of H are needed (see section 5), H does not need to be
constructed explicitely, since the weighting can be applied to Sas well.

Algorithm

Initialize U = | (amjt21i)x(2mi+21i)» <0 = Ogamis2liyx(2mi+21i) » Mand | being the number of
inputs and outputs respectively, 2i being the number of block rows in the fictitious ma-
trix H

fork=1,...
1. construct new column col umnto be added to H, using the 2i latest I/O-measurements
2. calculate SVD

Uk-Sc M = [01.Uy-1.Se1 column]

and partition
| Ur Ugp Si1 O
UieSc= [ Uy Ux ] ' [ 0 O ]

3. calculate the SVD of U},.U11.Si1

0 Vi
U Un.Su=[Ug Ug ] [ %’ 0] [qut ]
4, solve the following set of linear equations
UG UL UM+1+1: (i+1)(m+1),:).S
Um+li+m+1:(m+1)(i+1),:).S

_[A B UG UL U(1:mi+1i,:).S
B C D || Umi+li+1:mi+li+m,:).S

end
Example
As an example, a second order time-variant system with two inputs and two outputs

and sinusoidally varying system poles was identified. Figure (2) shows the identified
system poles when the weighting factor is set equal to 1-274.,

13



Figure 2: Identified poles for a second order time-varying system with sinusoidally
varying system poles

7 Conclusion

A novel strategy for state space identification from (noisy) 1/0O-measurementswas pre-
sented. The system matrices are identified by only applying numerically stable SVD-
techniques to a block Hankel matrix (number of columns > number of rows), con-
structed with 1/0O-data. Asit turns out that only the left singular basisis required, both
the computational 1oad and the noise sensitivity are considerably reduced. Moreover,
the algorithm is easily converted into an adaptive version for slowly time-varying sys-
tems, making use of adaptive SVD-algorithms. Extensive simulations have demon-
strated the remarkabl e robustness of the identification scheme with respect to noiseand
over- and underestimation of the system order.
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